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Abstract
We provide a formal definition of p-brane Newton–Cartan (pNC) geometry and establish some
foundational results. Our approach is the same followed in the literature for foundations of
Newton–Cartan Gravity. Our results provide control of aspects of pNC geometry that are
otherwise unclear when using the usual gauge language of non-relativistic theories of gravity.
In particular, we obtain a set of necessary and sufficient conditions that a pNC structure must
satisfy in order to admit torsion-free, compatible affine connections, and determine the space
formed by the latter. This is summarised in Theorem 3.1. Since pNC structures interpolate
between Leibnizian structures for p = 0 and Lorentzian structures for p = d − 1 (with d the
dimension of the spacetime manifold), the present work also constitutes a generalisation of
results of Newton–Cartan and (pseudo-) Riemannian geometry.
∗david.perenniguez@uam.es
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1 Introduction
1.1 Motivation
From the celebrated work of É. Cartan in [1], we learnt that the geometric description of gravity is
something by no means unique of General Relativity. In particular, he showed that Newton’s theory
of gravity can also be reformulated in purely geometrical terms, giving raise to the so-called Newton–
Cartan Gravity. The geometry required to do so, however, is not (pseudo-) Riemannian, and much
work has been done to construct the foundations of such theory (see, e.g. [2, 3]). More recently, it has
been discovered that there are more non-relativistic theories of gravity beyond Newton’s. For instance,
it is possible to define a type of non-Riemannian geometry, called Stringy Newton–Cartan geometry
(SNC), that describes the gravitational field that couples to non-relativistic strings. More precisely, the
non-relativistic closed string theory described in [4] can be consistently coupled to a SNC background
geometry. This was first noticed in [5], and recent work developing applications of such result can be
found in [6, 7]. Newton–Cartan Gravity has also been extended by considering the addition of torsional
connections. Such geometries, dubbed Torsional Newton–Cartan (TNC), posses interesting relations with
holography [8,9], Horava–Lifshitz Gravity [10] and non-relativistic string theory [11–13].
SNC geometry was first introduced using the modern language in which non-relativistic theories are
constructed. Essentially, such formalism consists in gauging a given non-relativistic Lie algebra and,
by imposing a set of conventional curvature constraints, the field content is reduced. This results in
a geometry that encodes the degrees of freedom of the theory (see [14] for an illustrative example).
Alternative methods for deriving such non-relativistic geometries have also been developed [15]. The
construction of invariant actions for such theories is a difficult task, although some success has been
achieved for particular geometries such as (type II) TNC gravity [16, 17]. More systematic procedures
towards the construction of actions have been studied in [18]. This approach to non-relativistic gravity
has proven to be very powerful and the resulting theories have potentially interesting applications in
holography and condensed matter physics [8, 9, 19, 20]. However, as we will discuss in the next section,
such formalism, although physically useful, obscures some aspects of the resulting geometries. These are
better understood when reformulated in a framework similar to that used in the literature for foundations
of Newton–Cartan Gravity (e.g. [2, 3]). Such formalism is briefly reviewed in the next section.
In this paper we consider the extension of SNC to the case of p-branes and provide precise control of
some aspects of the geometry that have not yet been investigated in full detail.
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1.2 Non-Relativistic Geometries
Following É.Cartan’s work, the geometric description of gravity is based on two structures:
1. First, a tensor structure must be prescribed on the spacetime manifold M in order to realise a given
structure group. For example, the Lorentz group O(1, d− 1) (where d = dimM) can be realised on
M by prescribing a metric tensor of Lorentzian signature, gab. Indeed, the bundle of frames on M
that are orthonormal with respect to gab form a reduction of the frame bundle based on O(1, d− 1).
2. Second, a notion of spacetime curvature is provided by prescribing a connection on the tangent
bundle TM . In addition, such connection is required to be compatible with the tensor structure
that realises the structure group (some alternative compatibility conditions for the case of p-brane
Newton–Cartan geometry are discussed in [21]). Considering the previous example where the ten-
sor structure consists of a Lorentzian metric, the Fundamental Theorem of Riemannian Geometry
guarantees the existence and uniqueness of a torsion-free connection on TM which is compatible
with gab. This is, of course, the Levi–Civita connection of gab.
Non-relativistic geometries can be constructed by first choosing a structure group consisting of some ’non-
relativistic limit’ of O(1, d− 1). A canonical example of non-relativistic group is the homogeneous Galilei
group Gal(d). The tensor structure that realises it is a pair (τa, hab) where τa is a no-where vanishing 1-
form (the absolute clock), hab is a symmetric tensor of Riemannian signature and rank d− 1 (the absolute
rulers), and both are mutually orthogonal τahab = 0. The pair (τa, hab) is said to form a Leibnizian
structure on M [2,22]. In general, the tensor structures that realise non-relativistic groups do not contain
a (pseudo-) Riemannian metric. Thus, there is no analogue of the Levi–Civita connection. More precisely,
a connection that is torsion-free and compatible with the tensor structure might be non-unique, or might
not exist. In the mathematical literature, this is sometimes referred to as the equivalence problem. Solving
it consists in determining which additional structure must be prescribed on the manifold, e.g. torsion, in
order to fix a connection uniquely.
The equivalence problem is well understood for Leibnizian structures. First, it has been determined
which subclass of structures admit torsion-free, compatible connections. These are defined by the property
of closedness of the absolute clock, dτ = 0, and are dubbed Augustinian structures. Then, for such
structures it can be shown that, given a field of observers N (a vector field satisfying τ(N) = 1 everywhere),
a torsion-free connection compatible with (τa, hab) can be uniquely determined. It is referred to as the
torsion-free special connection associated to N [23,24]. There is one of those for each N , and they can be
thought of as the analogues of the Levi–Civita connection.
However, the equivalence problem associated to SNC structures (and their generalisation to p-branes)
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has not been studied in detail. Thus, some aspects of these geometries remain unclear. For instance, it has
not been determined whether the set of conventional curvature constraints in [5] are necessary for ensuring
existence of torsion-free connections that are compatible with the SNC metrics. It is worth having precise
control of this, as one might be interested in relaxing the curvature constraints of the theory without
losing the notion of torsion-free, compatible connections. Similarly, the space of all such connections has
not been determined precisely. We will see that some symmetries of the compatible connections were
originally missed and, hence, the space in which the latter live is actually smaller than initially suggested.
Exact determination of such space is convenient since, in general, the fields parametrising the connections
propagate degrees of freedom (as it is the case in the Newton–Cartan theory [3], for instance).
In the present paper we study the equivalence problem associated to p-brane Newton–Cartan structures
(pNC). To this aim, the first part of the work is devoted to the reformulation of pNC geometry in a
framework that generalises the one used to establish the foundations of Newton–Cartan Gravity [2, 3].
This language, closer to the initial idea of É.Cartan presented above, is more convenient for the study
of the equivalence problem. The second part of the paper is dedicated to providing a set of necessary
and sufficient conditions that a pNC structure must satisfy in order to admit torsion-free, compatible
affine connections, and to determine the space formed by the latter. This is summarised in Theorem
3.1. Our paper fixes some aspects of pNC geometry that have not been studied in detail before and,
thus, complements previous work in [5]. In addition, since pNC structures interpolate between Leibnizian
structures for p = 0 and Lorentzian structures for p = d − 1, our results constitute a generalisation of
those known for Newton–Cartan and (pseudo-) Riemannian geometry.
Outline. In Section 2, we motivate a choice of non-relativistic structure group, dubbed Gp, by studying
a non-relativistic limit of the worldvolume action of a p-brane propagating in a Minkowski background in
d dimensions. Then, we derive a tensor structure that realises Gp on the spacetime manifold. This gives
raise to the notion of p-brane Newton–Cartan structures. In Section 3, we first classify pNC structures in
Aristotelian and Augustinian (analogously to the classification of Leibnizian structures), the latter being
the only ones admitting compatible connections with vanishing torsion. Focusing on the Augustinian
case, we solve the equivalence problem and determine the corresponding space of torsion-free, compatible
connections. Finally, in Section 4, we summarise our results and compare them with previous work in the
literature.
1.3 Conventions
Lower-case Latin characters in the beginning of the alphabet, a, b, c, ..., are used as abstract indices while
Greek symbols α, β, γ... are reserved for labelling the components of tensors in (either general or particular)
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coordinate charts. Capital Latin characters A,B,C, ... are used as labels that run from 0 to p, while lower
case Latin characters in the middle of the alphabet i, j, k, ... are labels running from 1 to d− p− 1.
The symbol ηAB is reserved for the components of the Lorentz metric in p+1 dimensions, diag(−1, 1, ..., 1).
ηAB denotes its inverse. In order to avoid confusion, operations of raising or lowering Latin indices are
not considered throughout the paper.
The symmetrisation and anti-symmetrisation operations are defined as
A(ab) :=
1
2!
(Aab +Aba), B[ab] :=
1
2!
(Bab −Bba), (1)
and are generalised to tensors of arbitrary rank in the obvious way. If pa1...ap , qb1...bq are a p-form and a
q-form and Pa1...ap , Qb1...bq are totally symmetric tensors, then the ∧-product and ∨-product are defined
as
(p ∧ q)a1...apb1...bq :=
(p+ q)!
p!q!
p[a1...apqb1...bq], (P ∨Q)a1...apb1...bq :=
(p+ q)!
p!q!
P(a1...apQb1...bq). (2)
Finally, if ∇ is an affine connection on the tangent bundle TM and {∂µ} the frame associated to a
general coordinate system, the connection components Γλµν of ∇ are defined, in such chart, as
Γλµν∂λ := ∇∂ν∂µ, (3)
and the torsion tensor T of ∇ is given by
T (X,Y ) := ∇XY −∇YX − [X,Y ], (4)
where X,Y are tangent vector fields.
2 p-brane Newton–Cartan Structures
This section is divided in two parts. First, we motivate our choice of structure group, dubbed here Gp.
Then, working on a d-dimensional vector space, we construct a tensor structure which defines a class
of frames that form a Gp-torsor1. These are the analogues of the orthonormal frames in Lorentzian
structures. In the second part, we extend the tensor structure to the spacetime manifold, leading to the
notion of p-brane Newton–Cartan structure. The corresponding principal Gp-bundle of frames is defined.
We also construct other principal bundles, based on subgroups of Gp, which become crucial in the study
of pNC connections.
1We recall that a G-torsor of a group G is a set on which G acts regularly (i.e. freely and transitively).
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2.1 The Group of Symmetries of Non-Relativistic p-branes
Our starting point is the reparametrisation-invariant worldvolume action for a relativistic p-brane embed-
ded in Minkowski space in d dimensions,
S[Xµ] = −Tp
∫
dp+1σ
√−γ, (5)
where γ is the pull-back of the Minkowski metric on the worldvolume. We will use σA¯ for generic
worldvolume coordinates, so that this pull-back is given by
γA¯B¯ = ηµν∂A¯X
µ∂B¯X
ν . (6)
For this discussion it is convenient to introduce a particular choice of worldvolume coordinates correspond-
ing to the first p+1 target space coordinates xA, so that XA = xA and Xi = Xi(xA). Now, following [25],
we rescale the longitudinal spacetime coordinates as
xA −→ cxA (7)
with c≫ 1. This has the effect of focusing on a small region of the brane. Now γA¯B¯ reads
γA¯B¯ = c
2γ¯A¯B¯ + δij∂A¯X
i∂B¯X
j (8)
where we have introduced the auxiliary worldvolume metric
γ¯A¯B¯ = ηAB∂A¯X
A∂B¯X
B . (9)
The inverse of γ¯A¯B¯ is
γ¯A¯B¯ = ηAB∂AσA¯∂BσB¯ , (10)
and expanding the determinant of γ gives
S[Xµ] = −Tc2
∫
dp+1σ
√−γ¯ (1 + 1
2c2
γ¯A¯B¯∂A¯X
i∂B¯X
jδij
)
+ ... (11)
where we have rescaled the tension as
T = Tpcp−1 (12)
and the ellipsis corresponds to all terms that vanish for c→∞. The divergent term c2 ∫ dp+1σ√−γ¯ does
not affect the dynamics. Indeed, choosing xA as the worldvolume coordinates, this term is −Tc2 ∫ dp+1x.
Alternatively, this divergent term can be canceled by, for instance, coupling the brane to non-dynamical
background fields as described in [4,5]. From any perspective, we shall not consider this term here as we
are mainly interested in the dynamics of the non-relativistic p-brane. The exact limit c → ∞ results in
the action
S[Xµ] = −T
2
∫
dp+1σ
√−γ¯ (γ¯A¯B¯∂A¯Xi∂B¯Xjδij) . (13)
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This action is invariant under the spacetime coordinate transformations
(xA, xi) 7→ (ΛABxB + ξA, Rijxj + viBxB + χi) (14)
where R ∈ O (d− p− 1), Λ ∈ O(1, p), viA = (vi0, ..., vip) ∈ R(p+1)(d−p−1), ξA ∈ Rp+1 and χi ∈ Rd−p−1, all
of them being constant, finite parameters.
In order to define the structure group of pNC geometry, we consider flat space containing a non-
relativistic p-brane described by (13). The symmetry group of this background is not ISO(d) anymore
but the set of transformations in (14). In particular, we will need the group of transformations that the
spacetime coordinate transformations (14) induce in the space of frames. We call such a group Gp. The
frames of two coordinate systems connected by a symmetry transformation (14) are related by
(
∂′A, ∂
′
j
)
= (∂B , ∂i)

ΛBA 0
viA R
i
j

. (15)
Hence, Gp can be defined as the set of matrices
Gp :=



ΛAB 0
viB R
i
j

 with Λ ∈ O(1, p), R ∈ O (d− p− 1) , viA ∈ R(p+1)(d−p−1)

 , (16)
and we notice that the inverse of a generic element (viB ,ΛAB , Rij) ∈ Gp is given by

 (Λ−1)BC 0
−(R−1)j
l
vlD
(
Λ−1
)D
C
(
R−1
)j
k

. (17)
Gp is the semi-direct product of two smaller groups of matrices. First, we notice it has a normal
subgroup, that will be referred to as the longitudinal group LGp, given by
LGp :=



ΛAB 0
viB δ
i
j

 with Λ ∈ O(1, p), viA ∈ R(p+1)(d−p−1)

 . (18)
This allows us to write Gp as the semi-direct product2
Gp = LGp ⋊O(d− p− 1). (19)
In its turn, LGp has a normal subgroup consisting of the set of matrices of the form

δAB 0
viB δ
i
j

 , (20)
2In order to alleviate the notation we will make no notational difference between inner or outer semi-direct products,
neither will we write explicitly the corresponding group homeomorphisms, as all these should be clear by the context.
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so it can be decomposed as
LGp = R(p+1)(d−p−1) ⋊O(1, p). (21)
Then, we can write Gp in the form
Gp =
(
R
(p+1)(d−p−1)
⋊O(1, p)
)
⋊O(d− p− 1). (22)
2.1.1 The Metric Tensors
In GR, a smooth Lorentzian metric provides a notion of orthonormal frames. These form a principal
O(1, d− 1)-bundle. In particular, this means that at each spacetime point, the set of orthonormal frames
are a O(1, d − 1)-torsor. The purpose of this section is to obtain a set of tensors that realise the group
Gp in the same sense a Lorentzian metric realises O(1, d − 1). These tensors are first obtained on a
d-dimensional vector space and then extended to the spacetime manifold.
Let us denote V a real vector space of dimension d and F (V) the corresponding space of frames. For
convenience, we shall use the notation (τA, ei) for the elements in F (V), and (τA, ei) for those in F ∗(V).
The group Gp acts on F (V) from the right as3
F (V)×Gp −→ F (V) (23)
((τA, ei), g) 7→ (τB , ej) · g = (τA, ei)

ΛAB 0
viB R
i
j

.
Notice that, if (τA, ei), (τ ′B , e
′
j) ∈ F (V) are related by (23), then the associated dual frames (τA, ei), (τ ′B , e′j) ∈
F ∗(V) transform as

 τ ′A
e′i

 =

 (Λ−1)AB 0
−(R−1)i
k
vkC
(
Λ−1
)C
B
(
R−1
)i
j



 τB
ej

. (24)
The tensor equalities
ηABτ
A ⊗ τB = ηABτ ′A ⊗ τ ′B , δijei ⊗ ej = δije′i ⊗ e′j, (25)
are manifest. Thus, taking (τA, ei) ∈ F (V) and defining τ := ηABτA ⊗ τB and h := δijei ⊗ ej , it is clear
that the orbit of Gp through (τA, ei) consists of bases orthonormal with respect to τ and h. Although
less manifest, there is a third tensor that can be constructed and that is invariant under the action of Gp.
Defining τ as before, a Riemannian metric can be defined on Ker(τ)4 as γ :=
(
δije
i ⊗ ej)|Ker(τ). Again,
3For clarity, let us remark that by this notation we mean (τA, ei)
(
ΛAB 0
viB R
i
j
)
=
(
ΛABτA + v
i
Bei, R
i
jei
)
4We take Ker(τ ) = {v ∈ V | τ (v, ·) = 0}, and notice dim (Ker(τ )) = d− (p+ 1).
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from (23) it follows that the orbit of Gp through (τA, ei) is formed by bases orthonormal with respect to
τ and γ.
Reversing the perspective, it is sensible to expect that for a given pair of tensors (τ, γ) the corre-
sponding set of orthonormal frames is precisely the desired Gp-torsor. This is formally expressed in the
following definition and proposition.
Definition 2.1. Let τ ∈ ∨2V∗ with rank(τ) = p + 1 and Lorentzian signature, and let γ be a metric of
Riemannian signature in Ker(τ). We define the space of Galilean p-frames, denoted fp(V, τ, γ), as the
space of frames that are orthonormal with respect to τ and γ, that is
fp(V, τ, γ) := {(τA, ei) ∈ F (V) |{ei} ∈ Ker(τ), τ(τA, τB) = ηAB , γ(ei, ej) = δij} . (26)
Proposition 2.1. The space fp(V, τ, γ) is a Gp-torsor with respect to the (right) action
fp(V, τ, γ) ×Gp −→ fp(V, τ, γ), (27)
((τA, ei), g) 7→ (τB , ej) · g = (τA, ei)

ΛAB 0
viB R
i
j

.
Proof. Regularity of the action can be proven by showing that for each (τB, ej) ∈ fp(V, τ, γ) the map
Gp → fp(V, τ, γ) given by g 7→ (τB , ej) · g is a bijection. That it is injective follows immediately by
construction. To show that it is surjective take any (τ ′B , e
′
j) ∈ fp(V, τ, γ). Since both (τ ′B, e′j) and (τB , ej)
belong to F (V) they must be related by
(τ ′B , e
′
j) = (τB , ej)M, (28)
where M ∈ GL(d). Decomposing M suggestively as
M =

DAB uAj
viB F
i
j

, (29)
one has
(τ ′B , e
′
j) = (D
A
BτA + viBei, uAjτA + F ijei). (30)
Now by imposing that both frames are in fp(V, τ, γ) one gets
i) ηBC = τ(τ ′B, τ
′
C) = D
A
BD
E
Cτ(τA, τE) = DABDECηAE → DAB ∈ O(1, p), (31)
ii) 0 = τ(e′j , ·) = uAjτ(τA, ·)→ 0 = uAjηAB → uAj = 0,
iii) δij = γ(e′i, e
′
j) = F
k
iF
l
jγ(ek, el) = F kiF ljδkl → F ij ∈ O(d− (p+ 1)).
That is, M ∈ Gp and consequently the map Gp → fp(V, τ, γ) given by g 7→ (τB , ej) · g is surjective.
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As a corollary of Proposition 2.1, it follows that the space of dual Galilean p-frames, f∗p (V, τ, γ), is a
Gp-torsor with respect to the (left) action
f∗p (V, τ, γ) ×Gp −→ f∗p (V, τ, γ) (32)


 τA
ei

 , g

 7→ g ·

 τB
ej

 =

ΛBA 0
vjA R
j
i



 τA
ei

.
Thus, the pair (τ, γ) defines the desired reduction of frames. However, the fact that γ is only defined
in Ker(τ) can be inconvenient in practice. Fortunately, one can provide an alternative but equivalent
structure in which this problem is not present (a similar thing happens in the more familiar Leibnizian
structures [2]). Indeed, given a τ , prescribing a tensor h ∈ ∨2V satisfying habτbc = 0, with rank(h) =
d − (p + 1) and Riemannian signature is equivalent to prescribing a γ 5. In what follows, we will refer
either to (τ, γ) or (τ, h) without loss of generality depending on which formulation is more convenient
given the context.
The following notion of longitudinal frames is crucial in the study of pNC connections.
Definition 2.2. Let τ ∈ ∨2V∗ with rank(τ) = p + 1 and Lorentzian signature, and let γ be a metric of
Riemannian signature in Ker(τ). We define the space of longitudinal frames, denoted Lfp(V, τ), as the
space of ordered (p+ 1)-tuples of vectors that are orthonormal with respect to τ , that is
Lfp(V, τ) :=
{
τA ∈ (V)p+1| τ(τA, τB) = ηAB
}
. (33)
From Proposition 2.1, it follows that the longitudinal group LGp acts on the space of longitudinal
frames. Furthermore, such an action enjoys the property of regularity, as stated in the following proposi-
tion.
Proposition 2.2. The space Lfp(V, τ) is a LGp-torsor with respect to the (right) action
Lfp(V, τ)× LGp −→ Lfp(V, τ), (34)(
τA,
(
ΛAB , VB
))
7→ τA · (ΛAB , VB) = ΛABτA + VB .
Proof. As before, we have to check that for any τA ∈ Lfp(V, τ) the map LGp −→ Lfp(V, τ) given by
(ΛAB , VB) 7→ ΛABτA + VB is a bijection. That it is injective can be seen by acting with τ(τC , ·) on the
5To see this, take any basis {ei} of Ker(τ ). The tensors h ∈ ∨
2Ker(τ ) with rank(h) = d − (p + 1) and Riemannian
signature can be uniquely written as h = hijei⊗ ej where h
ij are real numbers defining a symmetric (d− p− 1)× (d− p− 1)
matrix which is positive definite. It is clear that the space of such tensors and the space of Riemannian metrics in Ker(τ ) are
canonically bijective through the map hij = (γij)
−1 where γij = γ(ei, ej) (in this context, the word ’canonical’ means that
the bijection does not depend on the choice of basis). Finally, for any tensor hab ∈ ∨2V one has habτbc = 0⇔ h
ab ∈ ∨2Ker(τ )
and the claim follows.
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equation ΛABτA+VB = Λ′ABτA+V ′B , which, after contracting with ηCD, gives ΛDB = Λ′DB and, hence,
VB = V ′B. Surjectivity follows from Proposition 2.1: pick τA and any other τ
′
A ∈ Lfp(V, τ) and complete
each of them to construct two Galilean p-frames. From Proposition 2.1, these are going to be related by
(27), and in particular τ ′A = Λ
B
AτB + VA for some ΛBA ∈ O(1, p) and VA ∈ Ker(τ).
Finally, we introduce one last notion of frames which can be thought of as the ’dual’ of longitudinal
frames.
Definition 2.3. Let τ ∈ ∨2V∗ with rank(τ) = p + 1 and Lorentzian signature, and let γ be a metric of
Riemannian signature in Ker(τ). We define the space of longitudinal co-frames, denoted LCfp(V, τ), as
the following space of ordered (p+ 1)-tuples of 1-forms
LCfp(V, τ) :=
{
τA ∈ (V∗)p+1| τ = ηABτA ⊗ τB
}
. (35)
We shall mention two facts about the space of longitudinal co-frames. First, there is a surjective
map Lfp(V, τ) −→ LCfp(V, τ) sending each longitudinal frame τA to the unique longitudinal co-frame
τA satisfying τB(τA) = δBA6. Nevertheless, this map is not injective as any two longitudinal frames
related by a pure boost τ ′A = τA + VA will map to the same longitudinal co-frame. Hence, for a given
longitudinal frame we can always use without loss of generality a ’dual’ longitudinal co-frame but not
conversely. Second, from (32) it follows that O(1, p) acts on LCfp(V, τ) and, again, the action is regular.
Proposition 2.3. The space LCfp(V, τ) is a O(1, p)-torsor with respect to the (left) action
LCfp(V, τ)×O(1, p) −→ LCfp(V, τ), (36)(
τA,ΛBA
)
7→ ΛBAτA.
The proof is analogue to that of Proposition 2.2.
2.2 p-brane Newton–Cartan Structures
In the previous section we introduced the metric pieces that at each spacetime point realise Gp. Here we
extend such pieces to the spacetime manifold M . These define a pNC structure on M . New tensor fields
that play the role of ’inverse metrics’ are also introduced.
Definition 2.4. A p-brane Newton–Cartan structure is a triplet (M, τ, h) consisting of a smooth manifold
M , a smooth rank-(p + 1) symmetric tensor τab of Lorentzian signature, and a smooth rank-(d − p − 1)
6It is easy to check that for a given longitudinal frame τA there is a unique (p+1)-tuple of 1-forms satisfying τ = ηABτ
AτB
and τB(τA) = δ
B
A.
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symmetric tensor hab of Riemannian signature, such that
habτbc = 0. (37)
At each q ∈ M , the field τ defines a vector subspace Ker(q, τ) ⊂ TqM consisting of the space
of vectors Vq ∈ TqM satisfying τ(Vq, ·) = 0. This, in turn, defines a distribution on M given by
Ker(M, τ) :=
⊔
q∈M
Ker(q, τ). Sometimes, we will refer to this distribution as the transverse space. In
general, integrability of transverse space is not assumed, but we will see in the next section that so
as to admit a compatible torsion-free connections a pNC structure must have an integrable Ker(M, τ)
(see Proposition 3.2). Equivalently, pNC structures can also be defined using a Riemannian metric γ in
Ker(M, τ) instead of h, as discussed in the previous section. Without loss of generality, we will refer either
to h or γ depending on which formulation is more convenient given the context.
A consequence of Proposition 2.1 is that, using (τ, h), it is possible to define a reduction of the frame
bundle based on the group Gp.
Definition 2.5. Let (M, τ, h) be a pNC structure. Let q ∈ M and let F (TqM) be the space of frames of
the tangent space at q. We define the space of Galilean p-frames at q as the space
fp(q, τ, h) := {(τA, ei)q ∈ F (TqM) | {(ei)q} ∈ Ker(q, τ), τ((τA)q, (τB)q) = ηAB, γ((ei)q, (ej)q) = δij} .
(38)
Then, the bundle of Galilean p-frames is defined as
fp(M, τ, h) :=
⊔
q∈M
fp(q, τ, h). (39)
From the work done in the previous section it follows that the bundle of Galilean p-frames is a principal
Gp-bundle. In general, it has no smooth global sections but, for every q in M , there is always an open
neighbourhood U ⊂ M in which smooth local sections exist. The space of such sections will be denoted
Γ(fp(U, τ, h)) and referred to as the space of Galilean p-frames on U .
In a way exactly analogous to the frame bundle of Galilean p-frames, one can define the bundle of
longitudinal frames Lfp(M, τ) and longitudinal co-frames LCfp(M, τ).
Definition 2.6. Let (M, τ, h) be a pNC structure and let q ∈ M . We define the space of longitudinal
frames at q as the space
Lfp(q, τ) :=
{
(τA)q ∈ (TqM)p+1 | τ((τA)q, (τB)q) = ηAB
}
. (40)
Then, the bundle of longitudinal frames is defined as
Lfp(M, τ) :=
⊔
q∈M
Lfp(q, τ). (41)
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Definition 2.7. Let (M, τ, h) be a pNC structure and let q ∈ M . We define the space of longitudinal
co-frames at q as the space
LCfp(q, τ) :=
{
(τA)q ∈ (T ∗qM)p+1 | τq = ηAB(τA)q(τB)q
}
. (42)
Then, the bundle of longitudinal co-frames is defined as
LCfp(M, τ) :=
⊔
q∈M
LCfp(q, τ). (43)
From Propositions 2.2 and 2.3 it follows that Lfp(M, τ) and LCfp(M, τ) are principal bundles of the
groups LGp and O(1, p), respectively. As for the Galilean p-frames, Γ(Lfp(U, τ)) denotes the space of local
smooth sections of Lfp(U, τ) on an open set U in M , and will be referred to as the space of longitudinal
frames on U . It will work analogously for the bundle of longitudinal co-frames. Let us stress here that,
as discussed in the previous section, for each longitudinal frame τA ∈ Lfp(U, τ), there is a unique dual
longitudinal co-frame τA ∈ LCfp(U, τ) (the converse, however, is not true). Therefore, given a τA, a dual
τA can be used without loss of generality.
The results in the propositions of the previous section hold here for each fiber of the corresponding
bundle, and can be extended in the obvious way to the local smooth sections. For the sake of clarity, we
write explicitly the case of longitudinal frames. It works analogously for the rest of bundles.
Proposition 2.4. The space of longitudinal frames on U ⊂M , Γ(Lfp(U, τ)), is the set of (p+ 1)-tuples
of smooth vector fields in U , τA ∈ (Γ(TU))p+1, satisfying
τ(τA, τB) = ηAB, (44)
and it is a torsor of the group C∞(U,LGp) of C∞ functions from U to the longitudinal group LGp, with
(right) action
Γ(Lfp(U, τ)) × C∞(U,LGp) −→ Γ(Lfp(U, τ)), (45)
τA,
(
ΛAB, VB
)
7→ τA · (ΛAB , VB) = ΛABτA + VB ,
where Λ ∈ C∞(U,O(1, p)) and VA ∈ (Γ(Ker(U, τ)))p+1.
The proof is the natural generalisation of that in Proposition 2.2.
Finally, it will be useful to introduce a pair of tensor fields that play the role of inverse metrics of τab
and hab. These, however, are not unique, because their definition depends on the chosen way of projecting
vectors Xq ∈ TqM into Ker(q, τ).
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Definition 2.8. Let τA be a longitudinal frame. We define the projector associated to τA as the map
τ
P : Γ(TM) −→ Γ(Ker(M, τ)) given by
τ
P (X) = X − τA(X)τA, (46)
where X ∈ Γ(TM) and τA is the dual longitudinal co-frame of τA7.
In what follows, the use of the superscript τ indicates that the quantity wearing it depends on the
choice of longitudinal frame τA, as it is the case of the projectors (46). In index notation, the projectors
are given by
τ
P ab = δ
a
b − τaAτAb . (47)
With this we can introduce a notion of inverse of τab and hab as follows.
Definition 2.9. Let τA be a longitudinal frame. We define
τ
τab as
τ
τab := ηBCτaBτ
b
C , (48)
and
τ
hab as
τ
h(X,Y ) := γ(
τ
P (X),
τ
P (Y )), (49)
where X,Y ∈ Γ(TM).
These fields satisfy the usual orthogonality conditions
τ
τabτab = p+ 1, (50)
τ
τab
τ
hbc = 0, (51)
hab
τ
hbc +
τ
τabτbc = δ
a
c, (52)
which can be easily checked by, for example, working in a Galilean p-frame. To conclude this section, in
the following proposition we provide the transformation law of these new pieces when moving from one
longitudinal frame to another.
Proposition 2.5. Let τA, τ
′
A be two longitudinal frames. These are related by (see Proposition 2.4)
τ ′A = Λ
B
AτB + VA, (53)
7We recall that for each longitudinal frame τA there is a unique dual longitudinal co-frame τ
A, as stated in the discussion
above Proposition 2.3
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with Λ ∈ C∞(M,O(1, p)) and VA ∈ (Γ(Ker(M, τ)))p+1. Then, the associated projectors and inverse metric
fields are related by
τ ′
P ab =
τ
P ab − (Λ−1)ABτBb V aA , (54)
τ ′
τ ab =
τ
τab + 2ηABΛCBV
(a
A τ
b)
C + η
ABV aAV
b
B , (55)
τ ′
hab =
τ
hab − 2(Λ−1)ABV cA
τ
hc(bτ
B
a) + (Λ
−1)AB(Λ
−1)CD
τ
h(VA, VC)τBa τ
D
b . (56)
Proving this proposition consists in just plugging (53) into the definitions of the projector and inverse
metrics given above.
As a last comment, it is worth noting that pNC structures interpolate between Leibnizian structures
when p is set to zero, and Lorentzian structures when p = d − 1. While the latter case is obvious, it
is interesting to discuss the former in more detail. First, notice that for p = 0 the structure group is
G0 = Gal(d). Furthermore, the space of longitudinal co-frames is a torsor of the group composed of a
single element (see Proposition 2.3). That is, there is a unique 1-form τa for which τab = τaτb and, in
addition, it satisfies τahab = 0. Thus, the pair (τa, hab) forms a Leibnizian structure. More generally,
when p = 0 all the results of this section reduce manifestly to those of Leibnizian structures [2, 22].
3 p-brane Newton–Cartan Connections
In order to describe gravity in non-relativistic regimes, the metric structure that realises the symmetry
group is, in general, not enough, and it must be supplemented with a compatible connection. In this
section we study the space of connections on TM compatible with a given pNC structure8. Unlike in
the case of relativistic structures, the conditions of compatibility with the tensor structure together with
vanishing torsion do not determine uniquely a connection. This fact is sometimes referred to as the
equivalence problem in the literature [2]. Solving it consists in determining the additional data that has
to be prescribed on the manifold (e.g. torsion) in order to fix uniquely a connection. In general, given a
pNC structure, a connection which is torsion-free and compatible with the structure might be non-unique,
or might not exist.
In this section we first classify the pNC structures into Aristotelian and Augustinian (in analogy with
the classification of Leibnizian structures). The former have a notion of absolute transverse space. The
latter are the subclass of Aristotelian structures that admit torsion-free compatible connections. Focusing
8Whenever we make use of the term ’connection’ in this work, we refer to a Koszul connection on TM . To avoid confusion,
let us remind that a Koszul connection on TM is a map ∇ : Γ(TM) → EndΓ(TM) which is C∞(M)-linear, and such that
for all X ∈ Γ(TM) the endomorphism ∇X satisfies the Leibniz rule, i.e. ∇X(fY ) = X(f)Y + f∇XY for all f ∈ C
∞(M)
and Y ∈ Γ(TM).
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on the torsion-free case we present a solution of the equivalence problem for Augustinian pNC structures.
This provides a class of connections that can be thought of as the analogue of the Levi–Civita connection of
relativistic structures. These generalise the torsion-free special connections of Leibnizian structures. The
conventions have been chosen so that our results reduce to those in [2] when p = 0 and are comparable
to those in [5] when p = 1.
3.1 The Equivalence Problem in Non-Relativistic Structures
Let (M, τ, h) be a pNC structure. We denote D(M, τ, h) the space of connections on TM compatible with
τ and h, that is,
i) ∇τ = 0, ii) ∇h = 0. (57)
Similarly, we denote D0(M, τ, h) the subspace of D(M, τ, h) consisting of the connections with van-
ishing torsion (as discussed above, this space might be empty). Before focusing on the torsion-free case,
here we shall give some general results about D(M, τ, h).
In non-relativistic structures there is no analogue of the Fundamental Theorem of Riemannian Geom-
etry. Such lack can be understood as follows. Consider a spacetime (M,g) whereM is a smooth manifold
and gab a metric of Lorentzian signature, and denote by D(M,g) the space of affine connections on TM
compatible with gab. It can be proven that the map
D(M,g) −→ Γ(∧2T ∗M ⊗ TM), (58)
∇ 7→ Tor(∇),
is a bijection. Hence, there exists a unique connection
g
∇ in its kernel, i.e. there exists a unique connection
that is torsion-free and compatible with gab. This is, of course, the Levi–Civita connection of gab. In
addition, this shows that the condition of compatibility puts no constraints on the torsion. All this
discussion is summarised in the following proposition for relativistic structures.
Proposition 3.1. (See, e.g. [2]) The space D(M,g) of connections compatible with a Lorentzian structure
(M,g) possesses the structure of vector space, the origin of which is the Levi–Civita connection of g,
g
∇,
and D(M,g) is then isomorphic to Γ(∧2T ∗M ⊗ TM).
In non-relativistic structures such as pNC none of these results hold because the map analogue to
(58),
D(M, τ, h) −→ Γ(∧2T ∗M ⊗ TM), (59)
∇ 7→ Tor(∇),
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is not a bijection. In general, it is nor injective neither surjective. On the one hand, this means that there
might be none, or more than one compatible connections with zero torsion. On the other hand, unlike in
the relativistic case, compatible connections do not have arbitrary torsion.
Given a pNC structure, the constraints on the torsion of compatible connections are provided in the
following proposition.
Proposition 3.2. Let (M, τ, h) be a p-brane Newton–Cartan structure and let ∇ be a connection in
D(M, τ, h), the space of connections compatible with (τ, h). Then, for all longitudinal frames τA the
following equations hold
i) τA (T (V,W )) = dτA(V,W ), (60)
ii) ηA(Bτ
A
(
T (τC), V )
)
= ηA(Bdτ
A
(
τC), V
)
, (61)
where T is the torsion tensor of ∇ and V,W ∈ Γ (Ker(M, τ)) are any pair of transverse vector fields.
Proof. First, we shall prove that i) and ii) hold for one τA, and after that we will show that if they hold
for one, then they hold for all of them. For any affine connection ∇ one has
τA (T (X,Y )) = dτA(X,Y )−
(
∇XτA(Y )−∇Y τA(X)
)
, (62)
for all X,Y ∈ Γ(TM). Using that ∇τ = 0 one has
∇bτAa = −ηADηBCτ cDτCa ∇bτBc , (63)
so that (62) becomes
τA (T (X,Y )) = dτA(X,Y ) + ηADηBC
(
τC(Y )∇XτB(τD)− τC(X)∇Y τB(τD)
)
, (64)
and i) follows immediately. Evaluating (64) on τE, V , contracting with ηAF and symmetrising one gets
ηA(F τ
A
(
T (τE), V )
)
= ηA(Fdτ
A(τE), V )− ηB(E∇V τB(τF )), (65)
but for all X ∈ Γ(TM) we have
0 = ∇Xτ(τE , τF ) = 2ηB(E∇XτB(τF )), (66)
so (65) reduces to
ηA(F τ
A
(
T (τE), V )
)
= ηA(Fdτ
A(τE), V ), (67)
which is ii). Now we have to check that i) and ii) also hold for any other longitudinal frame τ ′A. From
the results in the previous sections, it follows that any two longitudinal frames τ ′A and τA and their
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corresponding dual co-frames are related by
τA = ΛBAτ ′B + VA, (68)
τA = (Λ−1)ABτ
′B ,
where VA is a transverse vector field and Λ a Lorentz matrix. Since i) holds for τA, we have
(Λ−1)ABτ
′B (T (V,W )) =
(
d(Λ−1)AB
)
∧ τ ′B(V,W ) + (Λ−1)ABdτ ′B(V,W ), (69)
but the first term in the RHS vanishes and then i) holds also for τ ′A. Now we use this result in order to
write ii), that holds for τA, as
ηA(BΛ
E
C)(Λ
−1)ADτ
′D(T (τ ′E, V )) = (Λ
−1)ADηA(BΛ
E
C)dτ
′D(τ ′E , V )− ηA(BΛDC)d(Λ−1)AD(V ), (70)
but
2ηA(BΛ
D
C)d(Λ
−1)AD = −(ηAB(Λ−1)ADdΛDC + ηAC(Λ−1)ADdΛDB) (71)
= −(ηADΛABdΛDC + ηADΛACdΛDB)
= −d
(
ηADΛABΛDC
)
= −dηBC = 0,
and after some straightforward manipulation the surviving terms in (70) reduce to equation ii) for τ ′A.
These conditions do not depend on the choice of longitudinal frame and, thus, they refer to the
structure of the metrics τ and h. In fact, when studying pNC geometries as the leading terms of a
covariant expansion of General Relativity [26–28], it is useful to rewrite the results in Proposition 3.2 in
terms of such metrics and in a general coordinate chart as follows
τρλT
λ
µνh
µαhνβ = ∂[µτν]ρh
µαhνβ, (72)(
τ
τµατρλ +
τ
τµρταλ
)
T λµνh
νβ =
(
τ
τµα∂[µτν]ρ +
τ
τµρ∂[µτν]α +
1
2
∂νταρ
)
hνβ . (73)
It is natural to classify p-brane Newton–Cartan structures in analogy with the classification of Leib-
nizian structures. Let us recall that a Leibnizian structure with integrable transverse space (or, equiva-
lently, τ ∧ dτ = 0) is called Aristotelian. If furthermore the absolute clock is closed, dτ = 0, we say the
structure is Augustinian. The following notions constitute a generalisation of Aristotelian and Augustinian
structures.
Definition 3.1. An Aristotelian p-brane Newton–Cartan structure is a p-brane Newton–Cartan structure,
(M, τ, h), satisfying
dτA(V,W ) = 0, (74)
for all transverse vector fields V,W , where τA and τ
A are a longitudinal frame and its dual.
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Of course, by Frobenius’ theorem (see e.g. [29]), Aristotelian pNC structures can be defined equiva-
lently as pNC structures with integrable transverse space.
Definition 3.2. An Augustinian p-brane Newton–Cartan structure is a p-brane Newton–Cartan structure,
(M, τ, h), satisfying
i) dτA(V,W ) = 0, (75)
ii) ηA(Bdτ
A
(
τC), V
)
= 0,
for all transverse vector fields V,W , where τA and τ
A are a longitudinal frame and its dual.
We notice that only the class of Augustinian pNC structures admit torsion-free compatible connections.
Also, note that, for p = 0, both Aristotelian and Augustinian structures reduce to those in the literature.
Finally, let us compare our compatibility conditions with those in the literature [2,3,22]. Given a pNC
structure we require, in particular,
∇aτbτc = 0. (76)
In the Leibnizian case (p = 0), this is more general than the usual compatibility condition in the literature
(e.g. [2, 22])
∇aτb = 0. (77)
However, in the special case of pNC structures that admit torsion-free compatible connections (i.e. in
the case of Augustinian structures), condition (77) follows from (76) 9. Hence, both are equivalent and,
indeed, we will see that our results for torsion-free connections compatible with Augustinian structures
reduce, when p = 0, to those in the literature.
3.2 Torsion-free pNC Connections
The space of connections on TM is an affine space modelled on the space of tensors Γ(TM ⊗ T ∗M ⊗
T ∗M). Consider an Augustinian pNC structure, (M, τ, h), and denote D0(M, τ, h) the space of torsion-
free connections compatible with τab and hab. Then, D0(M, τ, h) is an affine space modelled on a vector
subspace of Γ(TM ⊗ T ∗M ⊗ T ∗M), according to the following proposition.
Proposition 3.3. The space D0(M, τ, h) of torsion-free affine connections compatible with an Augustinian
pNC structure (M, τ, h) is an affine space modelled on the vector space
V(M, τ, h) =
{
Sabc ∈ Γ(TM ⊗ T ∗M ⊗ T ∗M) | Sa[bc] = 0, Sda(bτc)d = 0, hd(cSb)ad = 0
}
. (78)
9Indeed, ∇aτbτc = 0 implies τ(b∇|a|τc) = 0. Also, from Proposition 3.2, torsion-freeness and compatibility of ∇ imply
2∇[aτb] = 0. Combining these two equations and contracting with τ
c, one has ∇aτb = −τ
cτb∇aτc = −τ
cτb∇cτa. But ∇aτb
is symmetric so ∇aτb = ∇(aτb) = −τ
cτ(b∇|c|τa) = 0.
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The action of V(M, τ, h) on D0(M, τ, h) is
D0(M, τ, h) ×V(M, τ, h) −→ D0(M, τ, h) (79)
(Γλµν , Sλµν) 7→ Γλµν + Sλµν .
An affine space does not have the structure of vector space because it lacks a notion of zero. Solving the
equivalence problem reduces to determining an explicit origin for the affine space D0(M, τ, h). In order
to do so, we are going to use the following lemma.
Lemma 3.1. Let
• D be an affine space modelled on a vector space V. The substraction map for any two elements
∇,∇′ in D is denoted ∇−∇′.
• W be a vector space isomorphic to V. We denote the isomorphism ϕ : V −→W.
• Θ be an affine map modelled on ϕ, i.e. a map Θ: D −→ W satisfying Θ(∇) − Θ(∇′) = ϕ(∇ −∇′)
for all ∇,∇′ ∈ D.
Then, Θ is a bijection.
Hence, if there is a vector space W isomorphic to V(M, τ, h) and can construct an affine map
Θ: D0(M, τ, h) −→ W modelled on the isomorphism, then an origin for D0(M, τ, h) is uniquely deter-
mined as
0
∇ = KerΘ. If the construction of such map involves only the pieces in the structure, the origin
0
∇ is canonical. This is the case of relativistic structures, where Θ(∇) = Tor(∇). However, for Leibnizian
structures a field of observers N must be prescribed in order to construct an affine map
N
Θ. Then, the
origin
N
∇ = Ker
N
Θ is not canonical and the field of observers N is the additional structure required to
fix uniquely a compatible connection [2]. In what follows, we are going to see that an analogous thing
happens for Augustinian pNC structures: given a longitudinal frame (that can be thought of as the gener-
alisation of a field of observers in Leibnizian structures) it is possible to determine uniquely a connection
in D0(M, τ, h).
We shall begin by defining a parametrisation of V(M, τ, h). Given a longitudinal frame, τA, we define
the map
τ
ϕ : ⊕
p+1
Ω2(M) −→ V(M, τ, h), (80)
FAab 7→ τA(bF|A|c)dhad,
where ⊕
p+1
Ω2(M) denotes the direct sum of p + 1 copies of the space of 2-forms Ω2(M). Its elements
are denoted FA, A being the index that labels each 2-form. This parametrisation has two significant
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advantages. First, for p = 0 it reduces exactly to the parametrisation used in the literature to study
Leibnizian structures in standard Newton–Cartan gravity [2]. Second, it is convenient to compare our
results to those in [5].
The map
τ
ϕ is linear, but it is not an isomorphism. Indeed, just by dimensional counting, one has
dim (V(M, τ, h)) = (p+ 1) (d(d− p− 1)/2), while dim
(
⊕
p+1
Ω2(M)
)
= (p+ 1) (d(d− 1)/2) (of course, we
refer to the dimension of each fiber). In particular, for p ≥ 0 we have dim
(
⊕
p+1
Ω2(M)
)
≥ dim (V(M, τ, h)),
and the latter inequality saturates when the former does. It follows that the kernel of
τ
ϕ is not empty and
it can be determined as shown in the following proposition.
Proposition 3.4. Let (M, τ, h) be an Augustinian pNC structure, and let τA be a longitudinal frame.
The kernel of
τ
ϕ is the vector space
τ
K consisting of the polyforms
τ
KA ∈ ⊕
p+1
Ω2(M) satisfying
i)
τ
KA(τB , V ) = −
τ
KB(τA, V ), ii)
τ
KA(V,W ) = 0, (81)
for all transverse vector fields V,W ∈ Γ(Ker(M, τ)).
Proof. First, contracting equation
τA(b
τ
K |A|c)dh
ad = 0, (82)
with τ bB and
τ
hae and re-organising terms conveniently, one has that the elements
τ
KA ∈ Ker τϕ are those
satisfying
τ
KA(X,Y ) =
τ
KA(X, τB)τB(Y )−
τ
KB(τA, Y )τB(X) +
τ
KB(τA, τC)τB(X)τC(Y ). (83)
Now we have to check that equations (81) are equivalent to the condition
τ
KA ∈ Ker τϕ. It is clear from
(83) that if
τ
KA ∈ Kerτϕ then equations (81) are satisfied. At the same time, assuming that the pair of
conditions in (81) hold, it is easy to check, by working on a Galilean p-frame, that equation (82) holds.
Thus,
τ
KA ∈ Ker τϕ.
We shall view the vector space
τ
K as a ’gauge group’ acting on ⊕
p+1
Ω2(M) as
⊕
p+1
Ω2(M)×
τ
K −→ ⊕
p+1
Ω2(M), (84)
(FA,
τ
KA) 7→ FA +
τ
KA.
Any two FA, F ′A ∈ ⊕
p+1
Ω2(M) related by a
τ
K-transformation (84) map via (80) to the same element. This
gauge ambiguity can be removed by considering the space of
τ
K-orbits in ⊕
p+1
Ω2(M). In fact, we are going
to see that such a space is isomorphic to V(M, τ, h).
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Definition 3.3. Let (M, τ, h) be an Augustinian pNC structure, and let τA be a longitudinal frame. A
τ
K-orbit in ⊕
p+1
Ω2(M) is dubbed a gravitational field strength with respect to τA. The vector space of
gravitational field strengths with respect to τA is denoted
τ
F := ⊕
p+1
Ω2(M)/
τ
K. (85)
Notice that, indeed,
τ
F has the structure of vector space, as it is nothing but the quotient of a vector
space by a vector subspace. We shall denote [FA]τ the elements in
τ
F , i.e. [FA]τ is the set of elements in
⊕
p+1
Ω2(M) that belong to the
τ
K-orbit through FA. Conversely, we will use the notation
τ
FA to denote a
generic representative of [FA]τ in ⊕
p+1
Ω2(M). The terminology used in this definition will be justified later
on.
Proposition 3.5. Let (M, τ, h) be an Augustinian pNC structure and let τA be a longitudinal frame. The
space
τ
F of gravitational field strengths with respect to τA is isomorphic to the space V(M, τ, h).
Proof. Consider the linear map
τ
ϕ :
τ
F −→ V(M, τ, h), (86)
[FA]τ 7→ τA(b
τ
F |A|c)dh
ad,
where
τ
FA is any representative of [FA]τ ∈
τ
F (by construction, there is no dependence on the representative
chosen). We are going to show that
τ
ϕ admits an inverse, given by
τ
ϕ−1 : V(M, τ, h) −→
τ
F , (87)
Sabc 7→ [FAab]τ = [2
τ
hc[bS
c
a]dτ
d
A]τ .
Indeed, if
Sabc = τA(b
τ
F |A|c)dh
ad, (88)
then
2
τ
hc[bS
c
a]dτ
d
A =
τ
FAab +
τ
KAab, (89)
where
τ
KAab = τ cA
τ
FBc[bτ
B
a] − τB(a
τ
F |B|c)eτ
c
Aτ
e
Cτ
C
b + τ
B
(b
τ
F |B|c)eτ
c
Aτ
e
Cτ
C
a . (90)
However, it is easy to check that
τ
KA(V,W ) = 0,
τ
KA(V, τB) =
1
2
(
τ
FB(τA, V )−
τ
FA(τB, V )) = −
τ
KB(V, τA), (91)
– 21 –
for all transverse vector fields V,W . Thus,
τ
KA ∈ Ker τϕ so [
τ
KA]τ = 0. This allows us to write
τ
ϕ−1 ◦ τϕ ([FA]τ ) =
τ
ϕ−1
(
τA(b
τ
F |A|c)dh
ad
)
= [
τ
FA +
τ
KA]τ = [FA]τ . (92)
This, together with Proposition 3.3, allow us to characterise D0(M, τ, h) as an affine space modelled
on
τ
F . For clarity, we shall state it as a proposition.
Proposition 3.6. Let (M, τ, h) be an Augustinian pNC structure, and let τA be a longitudinal frame.
Then, the space D0(M, τ, h) of torsion-free connections compatible with the Augustinian pNC structure is
an affine space modelled on the vector space
τ
F of gravitational field strenghts with respect to τA.
The action of
τ
F on D0(M, τ, h) is given by
D0(M, τ, h) ×
τ
F −→ D0(M, τ, h), (93)(
Γλµν , [FAµν ]τ
)
7→ Γλµν + τA(µ
τ
F |A|ν)ρh
λρ.
We argued above that an origin for D0(M, τ, h) can be obtained by constructing a suitable affine map
(see Lemma 3.1). A natural choice of such a map follows from the fact that
τ
ϕ−1(∇−∇′)Aab = [2
τ
hc[b∇a]τ cA − 2
τ
hc[b∇′a]τ cA]τ = [2
τ
hc[b∇a]τ cA]τ − [2
τ
hc[b∇′a]τ cA]τ . (94)
Definition 3.4. Let (M, τ, h) be an Augustinian pNC structure, and let τA be a longitudinal frame. We
define the map
τ
Θ: D0(M, τ, h) −→
τ
F , (95)
∇ 7→ [
τ
F (∇)A]τ ,
where
τ
F (∇)Aab := 2
τ
hc[b∇a]τ cA. (96)
We refer to [
τ
F (∇)A]τ as the gravitational field strength induced by ∇ with respect to τA.
From Lemma 3.1 it follows that
τ
Θ is a bijection and therefore we can provide D0(M, τ, h) with an origin
consisting of
τ
∇ = Ker
τ
Θ. This result solves the equivalence problem for Augustinian pNC structures.
Proposition 3.7. Let D0(M, τ, h) be the space of torsion-free connections compatible with an Augustinian
pNC structure (M, τ, h). Given a longitudinal frame τA, there exists a unique torsion-free, compatible con-
nection
τ
∇ ∈ D0(M, τ, h) such that the gravitational field strength induced by
τ
∇ with respect to τA vanishes.
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We refer to
τ
∇ as the torsion-free special connection associated to τA. Furthermore, the connection com-
ponents of
τ
∇ in a general coordinate chart are given by
τ
Γλµν =
1
2
τ
τλγ (∂µτνγ + ∂ντµγ − ∂γτµν) + 12h
λγ
(
∂µ
τ
hνγ + ∂ν
τ
hµγ − ∂γ
τ
hµν
)
. (97)
Proof. Uniqueness is already proven, so it only remains to be shown that in a general coordinate chart the
connection components are those in (97). Let X,Y,Z be any triplet of vector fields. Since [
τ
F (
τ
∇)A]τ = 0
we know from the proof of Proposition 3.4 that
τ
F (
τ
∇)A satisfies
τ
F (
τ
∇)A(X,Y ) =
τ
F (
τ
∇)A(X, τB)τB(Y )−
τ
F (
τ
∇)B(τA, Y )τB(X) +
τ
F (
τ
∇)B(τA, τC)τB(X)τC (Y ). (98)
At the same time, from the definition of
τ
F (
τ
∇) in (96), we have
τ
F (
τ
∇)A(X,Y ) =
τ
h(
τ
∇XτA, Y )−
τ
h(
τ
∇Y τA,X). (99)
Combining these two equations and using compatibility and torsion-freeness of
τ
∇, one gets after some
manipulations the couple of equations
2
τ
h(
τ
∇XY,Z) =X[
τ
h(Y,Z)] + Y [
τ
h(Z,X)] − Z[
τ
h(X,Y )] (100)
+
τ
h([X,Y ], Z) +
τ
h([Z,X], Y )−
τ
h([Y,Z],X)
+ 2τA(Z)
[
τ
h(Y,
τ
∇XτA)− τB(Y )
τ
h(X,
τ
∇τAτB)
]
,
and
2τ(
τ
∇XY,Z) =X[τ(Y,Z)] + Y [τ(Z,X)] − Z[τ(X,Y )] (101)
+ τ([X,Y ], Z) + τ([Z,X], Y )− τ([Y,Z],X).
Evaluating the second one in a coordinate basis
X = ∂α, Y = ∂β , Z = ∂γ , (102)
and contracting with
τ
τγρ, one gets
τ
Γρβα =
1
2
τ
τγρ (∂ατβγ + ∂βταγ − ∂γταβ) + hργ
τ
hγµ
τ
Γµβα. (103)
Evaluating (100) in the basis (102) and contracting with hγρ, gives
hργ
τ
hγµ
τ
Γµβα =
1
2
hργ
(
∂α
τ
hβγ + ∂β
τ
hαγ − ∂γ
τ
hαβ
)
. (104)
Plugging (104) into (103), the result follows.
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Our torsion-free special connections reduce, when p = 0, to the torsion-free special connections of
Leibnizian structures [23, 24] and, thus, can be thought of as their generalisation. Given a longitudinal
frame τA, we can take the associated
τ
∇ as the origin of D0(M, τ, h) and, consequently, it acquires the
structure of vector space. In this sense, one can think of
τ
∇ as the analogue of the Levi–Civita connection
of relativistic structures. Actually, for p = d− 1,
τ
∇ is nothing but the Levi–Civita connection of τab.
For the sake of clarity, we summarise all the results provided so far in the form of a theorem, as follows.
Theorem 3.1. Let D0(M, τ, h) be the space of torsion-free connections compatible with an Augustinian
pNC structure (M, τ, h). Given a longitudinal frame τA, D0(M, τ, h) has the structure of vector space, the
origin of which is the torsion-free special connection
τ
∇, and D0(M, τ, h) is then naturally isomorphic to
the vector space
τ
F of gravitational field strengths with respect to τA.
In practice, this theorem shows that all connections in D0(M, τ, h) can be given explicitly as
Γλµν =
τ
Γλµν + τ
A
(µ
τ
F |A|ν)ρh
λρ. (105)
However, this depends on a choice of longitudinal frame τA. In general, two pairs (τA, [FA]τ ) and
(τ ′A, [F
′
A]τ ′) might map to the same connection via (105). Their relation is given in the following propo-
sition.
Proposition 3.8. Consider two pairs (τA, [FA]τ ) and (τ ′A, [F
′
A]τ ′). τ ′A and τA (and the respective longi-
tudinal co-frames) are related by (cf. Proposition 2.4)
τ ′A = Λ
B
AτB + VA, τ ′A = (Λ−1)ABτ
B . (106)
Then, if (τA, [FA]τ ) and (τ ′A, [F
′
A]τ ′) map to the same connection, i.e.
Γλµν =
τ
Γλµν + τ
A
(µ
τ
F |A|ν)ρh
λρ =
τ ′
Γλµν + τ
′A
(µ
τ ′
F ′|A|ν)ρh
λρ, (107)
one has
[F ′A]τ ′ =Λ
B
A
[
τ
FB + d
τ
h
(
(Λ−1)CBVC
)
+
1
2
τD ∧ d
(
τ
h
(
(Λ−1)EDVE, (Λ
−1)FBVF
))]
τ ′
(108)
+ ΛBA
[
∆DB ∧
τ
h
(
(Λ−1)EDVE
)]
τ ′
+ΛBA
[(
1
2
ηDEηCFdτF (τB , τE)
)
τ
h
(
(Λ−1)GDVG
)
∧ τC −
τ
h
(
(Λ−1)ECVE , (Λ
−1)FDVF
)
∆DB ∧ τC
]
τ ′
,
where ∆DB is the 1-form
∆DB =
1
2
(
ηDEηBFdτF (τE)− dτD(τB)
)
. (109)
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Proof. Noticing that
τ
ϕ ([FA]τ ) =
τ ′
ϕ
([
ΛBA
τ
FB
]
τ ′
)
, (110)
it is easy to show that
[F ′A]τ ′ =
[
ΛBA
τ
FB +
τ ′
FA(
τ
∇)
]
τ ′
, (111)
and we recall that
τ ′
FA(
τ
∇) is given by (96),
τ ′
FAab(
τ
∇) = 2
τ ′
hc[b
τ
∇a]τ ′cA . (112)
After a long computation using the transformation laws in (54), one gets that
τ ′
FA(
τ
∇) is
τ ′
FAab(
τ
∇) =ΛBA
(
τ
FB(
τ
∇)ab + 4δC[BδFD](Λ−1)EC
τ
h (VE)c τ
D
[b
τ
∇a]τ cF
)
(113)
+ ΛBA
(
(Λ−1)E [D(Λ
−1)FB]2τ
D
[a
τ
∇b]
τ
h (VE , VF )
)
+ ΛBA
(
τD[a
τ
h([(Λ−1)EDVE, (Λ
−1)FBVF ])b]
)
+ ΛBA
(
ηDEηCFdτF (τB , τE)
τ
h
(
(Λ−1)GHVG, (Λ
−1)JDVJ
)
τC[aτ
H
b]
)
+ ΛBA
((
d
τ
h((Λ−1)CBVC)
)
ab
+
(
1
2
τD ∧ d
τ
h
(
(Λ−1)EDVE , (Λ
−1)FBVF
))
ab
)
+ ΛBA
(
∆DB ∧
τ
h((Λ−1)EDVE)
)
ab
+ ΛBA
((
1
2
ηDEηCFdτF (τB, τE)
)(
τ
h
(
(Λ−1)GDVG
)
∧ τC
)
ab
)
− ΛBA
(
τ
h
(
(Λ−1)ECVE , (Λ
−1)FDVF
) (
∆DB ∧ τC
)
ab
)
.
However, taking into account (110), it is not difficult to check that the first four lines in (113) belong to
the kernel of
τ ′
ϕ (as they satisfy the equations (81)) and, hence, they map to zero when taking the quotient
[·]τ ′ . Plugging (113) into (111), the result follows.
Although, for arbitrary p, equation (108) is rather involved, for p = 0 we have that dτ = 0 = ∆DB , so
it reduces manifestly to the transformation law of field strengths in standard Augustinian structures [2].
More formally, it is convenient to regard the pairs (τA, [FA]τ ) as living in the space
⊔
τA
τ
F , the disjoint
union of the family of sets {
τ
F} indexed by the longitudinal frames τA 10. Then, from Proposition 3.8, it
10Notice that, in the case p = 0, the space
τ
F is nothing but Ω2(M) and, hence, it does not depend on τA. Thus,⊔
τA
τ
F = Γ(Lf0(M, τ ))× Ω
2(M), or, in the terminology of [2], FO(M, τ )× Ω2(M).
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follows that the longitudinal group LGp acts on
⊔
τA
τ
F as
⊔
τA
τ
F ×C∞(M,LGp) −→
⊔
τA
τ
F , (114)
(
(τA, [FA]τ ) , (Λ, V )
)
7→ (τ ′A, [F ′A]τ ′) ,
where
τ ′A = Λ
B
AτB + VA, (115)
and [F ′A]τ ′ is given by (108).
Definition 3.5. Let (M, τ, h) be an Augustinian pNC structure. An orbit of C∞(M,LGp) in
⊔
τA
τ
F is
dubbed a gravitational field strength. The space of gravitational field strengths is denoted
F(M, τ, h) :=
(⊔
τA
τ
F
)
/C∞(M,LGp). (116)
We shall denote [τA, [FA]τ ] the elements in F(M, τ, h). Notice that the space of field strengths F(M, τ, h)
is canonical, as it only depends on the pieces of the Augustinian pNC structure. Furthermore, from
Proposition 3.8, it follows that the orbit of C∞(M,LGp) through some (τA, [FA]τ ) ∈
⊔
τA
τ
F is precisely
the set of elements that map via (105) to the same connection as (τA, [FA]τ ). We conclude that the map
F(M, τ, h) −→ D0(M, τ, h), (117)
[τA, [FA]τ ] 7→
τ
Γλµν + τ
A
(µ
τ
F |A|ν)ρh
λρ,
where (τA,
τ
FA) is any representative of [τA, [FA]τ ] ∈ F(M, τ, h), is a canonical bijection. Finally, we notice
that, for p = 0, our space of gravitational field strengths reduces to that of Newton–Cartan gravity [2].
The standard physical interpretation of the latter justifies the terminology used throughout this section.
4 Discussion
Our results can be summarised as follows.
• The notion of p-brane Newton–Cartan structure has been recovered as a set of singular metrics
that realise the group Gp (the group of symmetries in tangent space of a background consisting of
flat space containing a non-relativistic p-brane). A formal description of such structures has been
provided for arbitrary p. Leibnizian and relativistic structures are recovered by setting p = 0 and
p = d− 1, respectively.
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• Focusing on Augustinian pNC structures (the only pNC structures admitting torsion-free, compatible
connections), a generalisation of the torsion-free, special connections of Newton–Cartan gravity
[23, 24] has been obtained. This solves the equivalence problem in the Augustinian case. Finally,
the corresponding space D0(M, τ, h) of torsion-free, compatible connections has been determined
exactly, as summarised in Theorem 3.1.
It is interesting to contrast our results with those in the original formulation of SNC geometry [5].
First, we notice that the set of conventional curvature constraints of [5] imply, among other things, that
the corresponding pNC structure is Augustinian. Indeed, equations (3.26) in [5] (which correspond to
projections of the curvature constraints) are nothing but (75). Then, imposing a Vielbein postulate a
torsion-free connection on TM compatible with the pNC structure is introduced. After some manipula-
tion, the authors managed to put it in the form (105), in agreement with our results. The remaining
conventional curvature constraints fix the field strengths
τ
FAµν as
τ
FAµν = 2D[µmν]
A, (118)
where mµA is a gauge field and Dµ the gauge covariant derivative. Also, it was noticed that
τ
FAµν has
certain ambiguity corresponding to the shift
τ
FAµν 7→
τ
FAµν + YABC
(
τB ∧ τC
)
µν
, (119)
for arbitrary parameters YABC . In addition, the authors were able to provide an interpretation of this
ambiguity in terms of the gauge transformations of the theory. However, we have shown that this is not
the only ambiguity in
τ
FAµν . Recalling Proposition 3.4, one has that the most general 2-forms
τ
KAµν by
which
τ
FAµν can be shifted not only have longitudinal components but also mixed ones. While, as noticed
in [5], the longitudinal components are arbitrary, the mixed ones must satisfy
τ
KA(τB, V ) = −
τ
KB(τA, V ). (120)
It would be interesting to investigate in future work whether this further ’ambiguity in the ambiguity’
can be explained by the gauge transformations and choice of conventional curvature constraints of [5].
Continuations of this work can be suggested from several perspectives. Motivated by classical work
about Newton–Cartan structures (see [30] or more recently [31]), it would be interesting to study if
pNC geometry can result from a null dimensional reduction of a relativistic ambient space. Alternatively,
Double Field Theory has proved being powerfull for classifying and describing non-Riemannian geometries
[32], and it seems likely that pNC structures are included in such classification. Dually to pNC structures,
a surge of interest for Carrollian geometry, see e.g. [33], motivates the question of whether Carrollian
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structures and connections [34,35] can be generalised to the case of p-branes with Carroll symmetry [36].
Finally, it would also be interesting to provide an intrinsic definition of a subset in D0(M, τ, h) that
corresponds precisely to the connections satisfying (118). This would be analogous to the case of Leibnizian
structures, where the subset of Galilean connections satisfying the Duval-Künzle condition [23, 37] are
precisely those whose field strength is closed.
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